The approximate stress-energy tensor of the quantized massive scalar, spinor and vector fields in the spatially flat Friedman-Robertson-Walker universe is constructed. It is shown that for the scalar fields with arbitrary curvature coupling, ξ, the stress-energy tensor calculated within the framework of the Schwinger-DeWitt approach is identical to the analogous tensor constructed in the adiabatic vacuum. Similarly, the Schwinger-DeWitt stress-energy tensor for the fields of spin 
I. INTRODUCTION
In their recent paper [1] , Kaya and Tarman constructed the stress-energy tensor, T ab , of the massive quantized scalar field with the arbitrary curvature coupling, ξ, in the spatially flat (k = 0) Friedman-Robertson-Walker spacetime, described by the line element
within the framework of the adiabatic regularization [2] [3] [4] [5] [6] [7] [8] . Using sixth-order WKB approximation to the solutions of the covariant Klein-Gordon equation
in the formally divergent expression for the T ab , after adiabatic regularization, they calculated the leading term of the approximation to the components of the (covariantly) conserved stress-energy tensor. In the adiabatic regularization one has to subtract, mode by mode, the infinite terms of the adiabatic order 0, 2 and 4. To avoid ambiguities it is necessary to subtract all terms that contain at least one divergent part for arbitrary parameters of the theory [9] .
Although the intermediate stages of the calculation are rather involved, the final result is surprisingly simple and can be schematically written in the form
where A and B are numerical coefficients (possibly dependent on the coupling constant), the overdots denote differentiation with respect to the coordinate η and
The summation is extended over all i, ... and p, ... satisfying pi + qj + ks = 6, Additionally, the number of appearances of the function a(η) and its derivatives in each term is 6, i.e., p + q + s = 6. The same is true for the last term in Eq. (3).
Because of the spatial symmetries it suffices to calculate the energy density, ρ = −T 
Alternatively, one can calculate the trace of the tensor, or, due to simplicity of the spatial mode functions for the k = 0 geometries, the component T x x . Of course the first method is simplest and the remaining ones may serve as a useful check of the calculations.
It should be noted that being local, the adiabatic approximation does not give much information about the particle creation. On the other hand, it is very useful when the vacuum polarization effects dominate. In the adiabatic expansion (for k = 0) the number of derivatives plays the role of the perturbation parameter. It is expected that this procedure gives reasonable results providedȧ/a,ä/a, ... ≪ Ω = (m 2 a 2 +k 2 ) 1/2 , where 0 ≤k < ∞ [10] .
In this paper we shall demonstrate that the adiabatic tensor of Ref. [1] can be obtained as the special case of the more general expression calculated within the framework of the Schwinger-DeWitt approach [11] . The generalization can be twofold: one can allow for nonvanishing k in the line element and consider the massive fields of spin 1/2 and 1. In what follows we shall restrict ourselves to the simplest case of the spatially flat FriedmanRobertson-Walker geometries, thus avoiding the subtleties connected with the Euclideanization of the line element. Like the adiabatic expansion, the Schwinger-DeWitt method is local and ignores nonlocal phenomena such as particle creation, and, consequently, its domain of applicability is limited. Nevertheless, it gives reasonable results if the Compton length, λ C , associated with the quantized field is much smaller than the characteristic radius of curvature.
The adiabatic calculations are based on the WKB approximation to the mode functions and their derivatives and subsequent integration (summation) of the functions thus constructed. On the other hand, the Schwinger-deWitt approach may be considered as purely geometrical. Moreover, it can be demonstrated that for the massive spinor and vector fields the method of Zeldovich and Starobinsky [10, 12] and Schwinger-DeWitt give the same results. (All fields considered in this paper are neutral). The equality of the results obtained from both methods is impressive. It should be noted that such equality must not be taken for granted: Indeed, it is expected that discussed methods give (approximate) Green functions with the same structure of singularities as x ′ → x. However, this does not mean the functions are the same.
The paper is organized as follows. In Section II, after giving a brief sketch of the Schwinger-DeWitt method, we construct the renormalized stress-energy tensor of the quantized massive fields in a large mass limit in the spatially-flat Friedman-Robertson-Walker universe. The result (in a scalar case) is subsequently compared with the analogous tensor obtained within the framework of the adiabatic method. We also briefly report on our calculations of the stress-energy tensor of the quantized massive s=1/2 and s=1 fields using the Zeldovich-Starobinsky method. This section contains the core results of the paper. In
Section III, to illustrate some possible applications of the constructed tensors, two families of solutions to the semiclassical Einstein field equations (both exact and approximate) are constructed. Using the Routh-Hurwitz criterion we perform stability analysis. It is pointed out that the perturbative method adapted in this paper is, in this context, equivalent to the reduction of order used by Parker and Simon [13] Finally, in Sec. IV, among other things, we indicate possible generalizations of the results presented in this paper. Throughout the paper we use the MTW conventions [14] .
II. THE SCHWINGER-DEWITT APPROACH
The one-loop approximation to the effective action of the quantized massive fields in a large mass limit can be constructed within the framework of the Schwinger-DeWitt method.
The effective action of the scalar field described by Eq.(2) can be obtained form the coincidence limit of the Hadamard-DeWitt coefficient a 3 . Unfortunately, neither the covariant Dirac equation
nor the equation describing the massive vector field
have the form required by the Schwinger-DeWitt method. In the first case one can introduce a new spinor,
. This, after commuting covariant derivatives and making use of the elementary properties of the γ matrices, results in the second-order equation:
To eliminate the nondiagonal differential operator ∇ b ∇ a in Eq. (8) 
where m is the mass of the field and the numerical coefficients depending on the spin of the field are given in a Table I . The (renormalized) stress-energy tensor can be calculated from the standard relation
and consists of the purely geometric terms constructed from the Riemann tensor, its covariant derivatives and contractions. The type of the field enters through the coefficients α i .
Additionally, each term
is covariantly conserved. In a general D-dimensional manifold the invariants Inv i are independent and this is the reason why we prefer to work with this form of the action [19] . It should be noted, however, that the Riemann tensor satisfies numerous dimension-dependent identities and some invariants in a specific dimension, say, D = 4, are not independent.
We shall briefly discuss this problem at the end of this section. It should be stressed that regardless of the particular representation of the effective action the stress-energy tensor for a given background and field should give unique results.
In Refs. [20, 21] the most general form of the stress-energy tensor has been calculated.
It consists of almost 100 terms of the background dimensionality 6 and, for obvious reason, it will be not presented here. In spite of the limitations mentioned above it is still the most general result. Moreover, by construction, it depends functionally on the metric tensor allowing, in principle, to solve the semiclassical Einstein field equations in a self-consistent way. (10) and treating them as free parameters one arrives at the action functional considered by Lu and Wise [22] in the black hole context 1 On the other hand, by retaining only α 9 term in (10) one obtains the Goroff-Sagnotti effective action [23] studied by Dobato and Maroto [24] .
For the line element (1) the "time" component of the stress-energy tensor has the form
where, for typographical reasons, the superscripts describing spin of the field have been of the stress-energy tensor one gets precisely the result obtained by Kaya and Tarman.
Further, making use of (6) and (13) one obtains the spatial components which are identical to those obtained within the framework of the adiabatic expansion. 2 Although the remaining components of the stress-energy tensor can be calculated using the methods described above we shall display them for readers' convenience: 
Now, by substituting α into Eqs. (13) and (14) one obtains the renormalized stress-energy tensor of the spinor and vector fields, respectively. To the best of our knowledge the results for the spinor and vector fields reported here are new.
Having established that the two different approaches give the same result for the scalar field, the natural question is whether it is also true for the fields of spin 1/2 and 1. In order to answer this question we have used asymptotic expansion of the Green function constructed within the framework of the Zeldovich-Starobinsky approach [10, 12, 25] . Performing integrations over momenta and summations over spin states we obtained, after much algebra, the results that are identical to those calculated within the framework of the Schwinger-DeWitt method. The Mathematica notebooks with the details of this calculation for s = 0, 1/2 and 1 fields are available upon request from the first author.
It is of some interest, especially when one wants to address the back reaction problem perturbatively, to restore the physical constants. In that case the multiplicative factor 2 We have recalculated stress-energy tensor of the massive scalar field using the adiabatic approach. There are two typographical errors in the expression for spatial components of the stress-tensor as presented in [1] . With these terms corrected, the adiabatic tensor is identical to the tensor constructed within the framework of the Schwinger-DeWitt method.
standing in front of the integral (10) ishλ 2 C /192π 2 and the integrand has the dimension Length −6 . In order keep control of the order of terms in complicated expansions we shall introduce, whenever useful, a small parameter ε which should be set to 1 at the end of the calculations.
We conclude this section with some remarks about the approximate action (10). In four dimensions there are two additional identities [26, 27] , which can be directly obtained from
and
It means that the 8th and 10th term in the effective action can be expressed as linear combinations of the remaining ones. Consequently, the same result can be obtained simply by substituting 
III. THE BACK REACTION
In the purest form of the semiclassical approximation, the gravitational field is treated classically, but it is driven by the mean value of T b a . Having constructed the leading term of the renormalized stress-energy tensor which depends functionally on a generic metric, one can analyze the semiclassical Einstein field equations with the total stress-energy tensor consisting of the classical and quantum parts. It should be emphasized once more that accepting the approximation (10) we ignore particle creation, which is a nonlocal effect and concentrate on the vacuum polarization effects.
Further, to simplify our discussion we shall assume that the renormalized coupling pa-rameters k 1 and k 2 in the quadratic part of the total action
identically vanish. In the case on hand the tensors obtained by functional differentiation of the integrated R 2 and R ab R ab with respect to the metric tensor are not independent but there is an additional term
which can be added to the left had side of the equations. In the latter we put k 3 = 0. The semiclassical Einstein field equations have, therefore, a standard form
where
+ T ab , i.e., the right hand side of (19) is a sum of the classical and quantum stress-energy tensor.
Let us postpone the further discussion of the semiclassical equations for a while and return to the quadratic terms. It should be noted that such terms appear in a natural way as a low-energy limit of the string action. Indeed, they appear as the first-order correction to the classical action in α ′ expansion (α ′ = 2πλ If the total stress-energy tensor is known, one can, in principle, construct the selfconsistent solution of the system (19) . It should be noted however, that since the general stress-energy tensor, T b a , is constructed from the coincidence limit of a 3 (x, x ′ ), it contains the terms with higher-order derivatives of g ab , and, consequently, there is a real danger that the semiclassical equations may lead to physically unacceptable solutions. Moreover, the tensor T b a and the resulting equations are rather complicated and it is natural that one is forced to look for simplifications. First, let us consider the function a(t) which also satisfies the additional relation [24] 
where t is "ordinary" time coordinate related to η by dt = a(η)dη, c
is some constant and a prime denotes differentiation with respect to t. Transforming the semiclassical equations (19) to (t, w, y, z) coordinates and making use of (20) one obtains
and the similar equation with the right hand side substituted by 8πp, where τ = 1 12πm 2 (144α 3 + 36α 4 + 24α 5 + 9α 6 + 9α 7 + 6α 8 + 4α 9 + 2α 10 ) .
From the semiclassical equations one has either p = σρ with σ = −1 and ρ = 0 (which is 
whereas for c 1 = 0 one has static universe with the constant scale factor. A few words of comment are in order. First observe that the quantum part of the tensor can be made arbitrarily large simply by taking large number of fields. Indeed, for N fields of a given spin, s with masses m i the renormalized effective action is still of the form (10) with
Moreover, even if the c 2 1 is negative for some fields it does not mean that the field should be excluded from the model. It can contribute to the total stress-energy tensor, which yields a proper overall characteristics.
Let us return to the semiclassical equations (21) and (22) with Λ ef f = 0. The third order equation has exact solutions, but they are not particularly illuminating. It is of some interest to consider them in some important regimes. Since the present value of the cosmological constant is extremely small one has
Following [31] we shall call (25) the classical de Sitter (or to be more precise the quantumcorrected classical) solution whereas (26) is the quantum solution. Now, a natural question arises about the stability of (25) and (26) Let us return to our case. It is advantageous not to specify the values of H 0 and analyze the relations among the characteristic polynomials F t (λ), F x (λ) and F (λ), where F t is obtained from the (0, 0) component of the semiclassical equations, F x from the spatial component and F = F x + σF t , i.e., is linear combination of the former two. It should be noted that the zeroth-order equations coincide with (21) and (22) and their only acceptable solutions are with p = −ρ or without the matter. Simple manipulations give
and for σ = −1
where σ is the coefficient of the linear equation of state p = σρ. It should be noted that for H 0 > 0 the polynomial F x (λ) does not give more information than F t (λ). From Eq. (29) one has λ = −3H 0 (1 + σ), which is negative for nontachyonic matter. The problem reduces to the analysis of the roots of the equation
where the real coefficients b k = b k (a 1 , ..., a 10 , m, H 0 ) depend on type of the field and H 0 .
It can be shown by a direct calculation that taking b 0 to be positive the coefficient b 3 is always negative for spinor and vector field. The massive scalar field is more complicated, nevertheless, it is impossible to have all the coefficients simultaneously positive. It can be seen that regardless of the exact value of H 0 there is no stable solutions. Consequently, one can draw a conclusion that there are no stable solutions for the massive spinors, vectors and scalars with arbitrary coupling parameter ξ.
3
Although our analyses are devoted solely to the massive fields, it is instructive, for a comparison, to consider quantized massless conformally invariant fields. This case has been studied in Ref. [31] to which the reader is referred for details. The trace of the stress-energy tensor considered in Ref. [31] has the form [32, 33 ]
is the Gauss-Bonnet invariant and the numeric coefficients b, b ′ and b ′′ depend on the type and number of fields of a given spin.
Because of the high symmetry of the Friedman-Robertson-Walker spacetime the conservation equation can be integrated and the stress-energy tensor of the quantized fields can be constructed. Now, setting all time derivatives of H(t) in the semiclassical equations to zero one obtains two equations:
Note that the remarks made earlier when discussing the solutions of Eqs. (21) and (22) are also relevant here. The stability analysis leads to the equations similar to (28) and (29) with only one difference: Now the characteristic polynomial F t (λ) has the form (33) and (34) .
The characteristic polynomial (35) contains, as a special case, the results of Ref. [34] .
Indeed, puttingb = b ′ andc = b ′′ − 2/3b ′ and Λ = 0 after some simplifications and rearrangements, one obtains
and the behavior of system is governed by the sign ofc, which should be positive. 4 In simplifying (35) to (36) we used the vacuum solution of (33)
For the massless (conformally invariant) quantum fields one can use the trace equation simply because the trace is given by the linear combinations of the curvature invariants.
Although this method does not work for the massive fields it is possible to use a procedure called conformization [29] . The resulting conformal anomaly tensor is composed of the Gauss-Bonnet topological invariant, the square of the Weyl tensor, ✷R and the auxiliary field χ introduced to make the action invariant under the conformal transformation:
wherew,b,c are the standard coefficients (see, e.g., Ref. [29] ) andf depends on the number of massive spinor fields and their masses. Subsequently, after construction of the anomalyinduced effective action one can construct equations of motion. Now, treating the terms proportional tof as small perturbation one concludes that fermion anomaly-induced inflation automatically slows down [29] . In our next example we shall show that exponential expansion also slows down for τ < 0.
Let us consider the semicalssical equations (19) with Λ = 0 and the classical matter characterized by the equation of state of the form p = σρ. The matter density of the classical matter evolves according to the formula
We shall treat the quantum part of the right hand side of the semiclassical Einstein field equations as small perturbation. Now, inserting the parameter ε in front of the quantum part of the total stress-energy tensor and expanding the scale factor as
one obtains two simple differential equations. The first one
can easily be solved: forσ = −1 one has
whereas forσ = −1 one has the exponential law of the evolution of the scale factor (3σ + 1), ω 2 = 8πC 1 /3, and C 2 and C 3 are the integration constants. The second equation is slightly more complicated and can be written in the form:
where the coefficients B n which depend on the spin of the field are tabulated in Table II . It can be solved to yield
where C 4 is another integration constant. Theσ = −1 case has to be treated separately and after massive simplifications in (44) one obtains where τ is given by (22) . Further, introducing new constantC 3 by means of the finite renormalization C 3 →C 3 = C 3 + εC 5 one gets
where τ is given as before by (22) . The constantC 3 may be related to the quantum-corrected "observed" scale factor a(t 0 ). Simple manipulations give
and within the accuracy of our calculations, O(ε 2 ), the term in the square brackets is equal
Inspection of Eq. (22) shows that the quantum effects tend to decrease the rate of expansion for the massive spinors and vectors as well as the massive scalar fields with ξ > ξ crit . For the massive scalar field with ξ < ξ crit the rate of the expansion is increased.
There are other families of (approximate) solutions which can easily be constructed simply by retaining the cosmological term or allowing the renormalized coupling constants to be nonzero or accepting some nonstandard equations of state, but we shall not dwell on them here. We only mention that the procedure adopted in the second example is equivalent to the approach of Ref. [13] . This can readily be verified by a direct computation. Indeed, setting the quantum part of the stress-energy tensor to zero while retaining the quadratic terms given by (17) and (18), expanding the thus obtained equations and collecting the terms with the like powers of ε, and finally constructing solutions one gets precisely the results obtained in Ref. [13] .
In this paper the renormalized stress-energy tensor of the quantized massive scalar, spinor and vector fields in the spatially flat Friedman-Robertson-Walker universe has been constructed within the framework of the Schwinger-DeWitt technique. For the scalar field (with an arbitrary curvature coupling) it reduces to the tensor constructed using the adiabatic regularization. There is a clear correspondence between the both methods: To calculate the first-order approximation of the tensor one needs the 6-order WKB approximation of the mode functions in the adiabatic method, or, in the Schwinger-DeWitt method, the functional derivative of the effective action constructed from coincidence limit of the Hadamard-DeWitt coefficient [a 3 ] with respect to the metric tensor. 5 Such coincidences have been found earlier in the black hole physics [37] . For the s = 1/2 and s = 1 field we have found an agreement between the stress-energy tensor obtained using the Zeldovich-Starobinsky method and Eqs. (13) and (14) of the present paper.
With the stress-energy tensor which functionally depends on the scale factor a(t) one can attempt to solve the semi-classical Einstein field equations in a self-consistent way.
We have illustrated the procedure in the two interesting and important cases constructing particular class of the exact solution of the semi-classical equations and treating the problem perturbatively. We have preformed stability analysis of our solutions and, for a comparison, we briefly discussed earlier results.
Finally, it should be noted, that the adiabatic calculations can be extended to both k = −1 and k = 1 cases (in the k = 1 case one has summation of the mode functions instead of integration which is an obstacle in constructing the final compact expressions).
Once again it can be demonstrated that the Schwinger-DeWitt and the adiabatic methods yield identical results. We shall present and analyze this group of problems in a separate publication.
We conclude this paper with the observation that the Schwinger-DeWitt method, al-
